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Abstract A formulation of the de Sitter symmetry as a
purely inner symmetry defined on a fixed Minkowski space-
time is presented. We define the generators of the de Sitter
group and write the structure equations using a constant de-
formation parameter A. The conserved gauge currents are
calculated, and their physical meaning is given. Local gauge
transformations and the corresponding covariant derivative
depending on the gauge fields are also obtained. We study
the behavior of gauge fields, the torsion and curvature ten-
sors and give a regularization technique in terms of the ¢
function.

1 Introduction

All known fundamental interactions, excepting gravitation,
are mediated by gauge fields. Looking at the possible can-
didate groups for a gauge theory to describe gravitation, the
Poincaré group is the obvious choice. This theory allows us
to obtain Einstein’s equations in a particular case, and New-
ton’s law in the static non-relativistic limit. But this theory
is not quantizable.

The standard procedure of adding new terms and obtain-
ing a consistent and renormalizable theory can be applied
if we consider one of the de Sitter groups, SO(4, 1) and
SO(3, 2). Following this procedure, we shall use in this pa-
per as gauge group of gravitation a deformation of the de
Sitter group SO(4, 1), determined by a constant parameter A.

Quantum field theories on the dS(4, 1)—de Sitter and
dS(3,2)—anti-de Sitter space-times originate from the pa-
per of Dirac [1], who discussed the electron wave equation
in de Sitter space. There is a difference between this ap-
proach and the gauge theory. The difference consists in the

2e-mail: viorel.chiritoiu@et.upt.ro

b e-mail: gzet@phys.tuiasi.ro

fact that the electron wave equation involves only the an-
gular momentum operator, while the gauge theory includes
both this operator and the ordinary momentum operator.

Also a method of quantization of fields using the stereo-
graphic projection was proposed. Such a formulation was
developed for the first time by Adler [2] to study mass-
less Euclidean QED (quantum electrodynamics) on a hyper-
sphere in a 5-dimensional space. This idea was then carried
out by other authors [3—6] in order to obtain a formulation
of non-abelian gauge theories on both de Sitter and anti-de
Sitter spaces. Effectively, the theory on the flat Minkowski
space is projected onto the de Sitter space by a stereographic
transformation. In [6] it is shown that the variables in the
gauge sector (like potentials, field strengths, etc.) in the two
descriptions are related by rules similar to the usual tensor
analysis. The role of the metric is played in this formal-
ism by conformal Killing vectors. Analogously, the quan-
tities in the matter (fermionic) sector are related by confor-
mal Killing spinors. It is stressed that the extension of this
analysis to the quantum field theory is quite nontrivial.

It is also important to remark that the limit of the de Sitter
curvature going to zero is equivalent to the limit in which the
cosmological constant goes to zero. Therefore, in this limit,
the de Sitter and anti-de Sitter groups reduce to the Poincaré
group, and the de Sitter spaces reduce to Minkowski space.

Our work extends the analysis given in [7, 8] for Poincaré
gauge theory in Minkowski space-time to the case of de Sit-
ter gauge group using a stereographic projection. Because
any quantization of a gauge theory requires the issue of
gauge fixing, we are going to apply to our approach, in a
forthcoming paper [17], the BRST gauge fixing procedure
in a manner similar to that developed in [9].

This paper is organized as follows: in Sect. 2 the connec-
tion between stereographic projection and the generators of
de Sitter group is presented and the commutation relations
between the generators are obtained. We present the de Sit-
ter symmetry as a pure inner symmetry in Sect. 3. We also
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calculate the conserved current, the angular momentum ten-
sor and functions § /7 (x) which ensure the gauge invariance
of the action.

In Sects. 4 and 5 we define the covariant derivative and
the gauge fields, and we determine their local infinitesi-
mal transformations. We also introduce the torsion tensor,
the curvature tensor and the strength field tensor, quantities
which become dependent of parameter A. If the parameter A
is close to zero, all these results are similar with results ob-
tained by using the Poincaré group [7] as a symmetry group.

We then write the invariant matter action for scalar,
spinor and vector fields in Sect. 6. The occurrence of the new
gauge field e can be seen in every type of action. A renor-
malization technique of gauge fields using the ¢ function
method is presented in Sect. 7.

2 The de Sitter spaces and groups

A de Sitter universe can be defined as a pseudosphere
in a 5-dimensional flat space with Cartesian coordinates
g4 = (€% 6,87, 6%, 8). Denoting nap» = diag(—1,1,1,1)
with indices a,b =0, 1, 2,3 and nss = €, the coordinates
£4 satisfy

NaEAER =t 8" +€(8°5) = €R?, (1

where € = 1 for de Sitter space, dS(4, 1), and € = —1 for
anti-de Sitter space, dS(3,2). The de Sitter space, dS(4, 1),
with the diagonal metric n4p = diag(—1, 1, 1, 1, 1) has the
pseudo-orthogonal group SO(4, 1) as the group of motion.
The anti-de Sitter space dS(3,2) has the diagonal metric
nap = diag(—1,1, 1,1, —1) and the group SO(3, 2) as the
group of motion. The 4-dimensional stereographic coor-
dinates x* are obtained by projecting a de Sitter surface
into a Minkowski space. The Minkowski metric is 7,, =
diag(—1, 1, 1, 1) with indices u, v =0, 1, 2, 3. The most im-
portant connection equations between the two types of coor-
dinates are

2
£ =n(x)8xt; £ = —Rn(x)(l - efﬁ) )
where
n(x) = 2
1—}-6@ 3)

o’ = N xtx’.

Let us consider a gauge theory of gravitation which has the
de Sitter group as a local symmetry group, with generators
[4,5]

Jos =Ty = py + )NzKa + A5 @
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and
. 1
Joup =mep = i(x00p — xg0y) + Ezaﬁ» ()
where
Po = 10y; Kaztaypy,

o ©)
t,V = (2naﬂx x’ —o 8(1}’).

Because the quantities 7,” depend only on the coordinates,
we have

[t.”,1,°] =0. )

In order to discuss the commutation relations between the
de Sitter generators some useful relations are summarized
here:

[Pa, Pl =0,
[Ke, Kgl =0,
[P, Kgl + [Ko, pgl =4Lag,
[Pas Lpyl = NapPy — Nay PB,
(Ko, Lgyl=napKy — oy Kp,

[Pas Zpyl =0, ®
[Pa, Xp5]1=0,
[Ke, Zpy]1=0,
[Ke, gs5]1 =0,

[Zas, Xgs] = —2i Zgg,
[Zas, Tyl =2i(apZys — Nay Xps),
where Lyg = i(xq0p — x0y). Using (8), the commutation
relations between de Sitter generators become [4, 8]
[Ty, Tg] = —4iA%meg,
[(Me, mpy 1 =i(Meplly — 14y Tp),
[map, mys] = i(Mpymas — NpsMay
+ NayMsp — NasMyp),
[Zap, Xys] =2i(ngy Zas — 1ps Zay
+ Nay Xsp — Nas Zyp)-

€))

In the limit A — 0, the process named contraction, the de
Sitter algebra is transformed into the Poincaré algebra and
[y = pa [4, 8].

3 Pure inner de Sitter symmetry

Considering a set of fields ¢;, with j =1, ..., n, their dy-
namics will be specified by the action

SM:/d4x£M(xv(Pjvaa(Pj)- (10)
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Then §Sm = 0 yields the equations of motion. If there are  transformations are [7]
functions 8 fV (x) for which
x® = xl, =x“,
4

d X/EM(le 90;'()6/), 8(;§0;'(x/)) (pj(x) — (p}(x) :(pj(x)

= d*x[ Ly (x. 97 (1), Bupj (1)) + 3,817 (0)] (11) (6 4 22650 0 P - B (1)
holds, then the variation § Sy of the action can be written as _L 0%, 50 (x) +ire® o5 (x),
[12, 13] 4

(19)

8SM:— dxay —W(Sﬁoj

L
— [ d*xa (—-aa P — Vo,z)ax“
/ "o, 0
+/d4x8y8fy. (12)

From the Noether theorem [10, 11], we obtain the associated
conserved current J?:

LM

Y —_
30y ¢))

Orgj +38f7 + OV - 8x%, (13)

where @7, is the energy-momentum tensor

_ 0LMm
T 83y 9))

e <O Pj — n"a - Lym. (14)

The global de Sitter transformations are given by the relation

x4 — xl, = x% + &% + A28 1% + % pxP,

03 = () = 950) — 10 T () (1)
+ire® Tys50;(x).

In this case the coordinates x* and the fields ¢; (x) transform
as

8x% =% + A% 1% + ¥ gxP (16)
and

i .
8r¢j = =50 Tapg;(x) + ke Tasg; (¥), (17)

respectively. It can be verified that the invariance of the ac-
tion under these global de Sitter transformations is ensured
if

5f7 =0. (18)

On the other hand, if the de Sitter gauge symmetry [14, 15] is
considered as a pure inner symmetry, then the infinitesimal

where the parameters of the de Sitter group £* and w®? now
depend on x. In this case, the variation of the action is

8Sm = —/d4x(8°’ + 276516 + w® pxP) 87 43y L

— 228 /d4x£8ya8yte§“ + / d*xd, 87 (x), (20)
and the invariance of the action, 6 Sy = 0, requires
87 = —8" (% + 27651 + w¥pxP) L. Q21
Then, the conserved current J? can be written as

1
JV = @Y, - % + 2207, - &f 1+ EMVOUS P

Zas®js (22)

where the angular momentum tensor is
i 0Lm

MY oy =@ xp — @F _IEM
@b =0 aXp = Ol T 3 5E o

Zaﬁ(pj . (23)

We can rewrite the gauge transformations (3) as

o ! o
x% — x, =x%,

24
050 = ¢ = ((1 + ©)g;)(x), @9
with
O() = —{e” (x) + %5 ()t + 0?°(¥)x5} - B,
- %wya(x)Eya +ire’ (X)Zy5
=ie’(x) I, — %wﬂ(x) mys. (25)

In this case
d*x Ly (@ (%), 029 (X))
=d*xLpm(p) (%), dap; (x))
—d*x(e” + 226517 + 0 pxP)d, L (9 (x), B (X))

— 22 d* e L) (), Bug (1)), 157 (x). (26)
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Therefore, (26) does not lead to invariance of the action: the
second term on the right hand side is no longer a pure diver-
gence.

4 Local de Sitter gauge invariance. The covariant
derivative V, and its decomposition as a function
of I, and m 5

As ©(x) can be written as a function of de Sitter generators,
we define the covariant derivative V, [7, 12]

Vo =0y + By, 27)

together with the decomposition of B, as a function of I,
and mys:

By =—iBy” -TI, + %Ba”‘s s (28)
Therefore, we introduced the 16 fields B," for local trans-
lations and the 24 antisymmetric fields B,?? for the local
Lorentz rotations. We will determine now the behavior of
B, under local gauge transformations. Using (25), we can

write

0By = [0, 0y + By
=00dy — 04O +[O, By]. (29)

Then we easily find that

Ody = ie? (idy +ir’t,°8s + 1 5,5)d0 + 0oL dp
= w40, (30)

and therefore
30 = idye” - T, 4+ ir2ef - dutz” R
o ® =10q6” - 11, +1A7E> - Iyt -py—zaa) S My
+ we? 3. (31)

After evaluation of the commutator
. i
[©, Byl = [zsy T, — Ewyf* s,
i
—iB,° T, + EBJE -mggi|, (32)

and writing the variation of the gauge fields as a function of
the generators IT,, and m,s,

8By = —i8By” -1, + ’5530/8 s, (33)
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the transformation laws of the gauge fields are given by
8By” = pe” + 2265 - dgts” — & - 0z By”

—22e516% - 5By — 226 By® - dets”

+ By® - 0ze” +A2Byft.’ - dge”

+A2Byfe’ - Oets” — By xe - 058”7 — 5By

— A28 By xe - 015 4+ 0™ x: 05 ByY + wo” Bg?

+ wg? By® + A2B 0 x - ds157 (34)
and

5By’ = dgo”® — &€ - 9 By?® — 126°1,5 - 35 By
+ By* - 8:0”® + 2% B, 1.5 - s 0??
+ @ x; - 9 By"® — By x; - 85 00"°
+ @ By* 4+ ’s By"* 4w P Bp?°. (35)

5 Local de Sitter gauge invariance. The covariant
derivative V, and its decomposition as a function
of 30(, Zy‘g and ZtyS

In this section we first decompose the covariant derivative

Vg in terms of dy, X5 and X, 5, by introducing an extra
gauge field e, 7. We recast V,, in the form [7, 8]

- i .
Vo =ea” 8, + ZBQV‘SZM —iABy" Zys, (36)
where
o’ =84" + By +2*B,P1g” + B,"’x;. (37)
Abbreviating

i
doy = ey’ 0y, B, = ZBO[V‘SZW;, (38)

« = —iABy? Tys,
we can write the covariant derivative V,, in a simpler form:
Vo =dy + By + Ca. (39)
The variation of e,” becomes
Sey! = eyt - 0 (sy + 226l + a)y‘sxg)
— (85 + A% 15 + 0¥xy) - dgeq” + w4 es”; (40)

itis expressed in terms of e, only. For the variation of B, ??
we obtain

8By"® = e 90" — (65 +2%6%1,5 + w®x,) 0 By °

+ wo® Be?® + @ ¢ By*® + %: B, 75 (41)
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Because the determinant dete~! will enter into the locally
de Sitter invariant action, we give its transformation behav-
ior here:

Sdete™! = —dete™ ! - 0¢ (8S + kzegtgs + w‘g”xn)
— (5 + 2% 1.5 + 0fxy) - B dete™!. (42)

Before presenting the field strength tensor, we introduce the
commutation relation between the translational derivatives:

ldw,dpl = Hyp" d,, 43)
where H,g? is expressed in terms of e,” as follows:
Hog” = e o (ea® - dsep” — eg® - dgea). (44)

Here, ¢!, is the inverse matrix of ey?, i.e. ex® - €17, =
847 . In order to obtain the field strength operator, we calcu-
late the commutator of the gauge covariant derivatives:

Sup = [V, Vgl = [dy + By + Cy, dg + Bp + Cg]
= Hup”dy — (Bap” — Bpa”)dy
+dyBg —dgBy + dyCp — dgCq + By, Bgl
+[Cq, Bgl +[Cq, Cgl. (45)

The expressions for the commutators entering in (45) are

i i
[By, Bgl = —ZBasVBﬂﬁezya + ZBQ&B,%VEVS,

[Co, Bgl = iABy°Bgs” Tys, (46)
[By, Cgl = —iABae? Bp® Zys,
[Co, Cpl=2iA>By? Bg*Sys.

Now, defining the tensor coefficients of d,,,
Taﬁy = Baﬁy - B/Say - Haﬁy» (47)

we can rewrite Syg as
~ I ~ i ~
Sup = —Tup” Vy + TR upTys + 7R apTys, (48)

where R34 and R4 have the form
R"%,5 = dyBg"® — dg By + By Bg.”
— Bg%* Bye” — Hyp®B:"°
+42%(By” Bg® — B,’Bg?) (49)
and
R op = —42(dyBg? —dgB,")
— 4 (Bas” Bg® — Bps? Bo® — Hop® B.")

= —4)»(60(3/3}/ — ﬁﬁBay) +4AHyp" B, (50)

respectively. Next, we determine the local infinitesimal
transformations of Hyg”, Typ" and RV‘Saﬁ:

SHop? = —(e” + 2261, + wPxy) - 3, Hop”
+wo” Hop” + wp” Hap + 0 ¢ Hup
+eot - dzwp? —ept - drwy (51

8Tup” = — (5 +A%e%1:5 + 0" xy)) - 3 Tup”
+ 0o Tep? + wp Tue? + 0" ¢ Top® (52)
and
SR op = — (5 + 22615 + 0¥xy) - 0: R o
+wo® R g+ gRY® e
+ " s R o5 + 0’ ¢ RV op. (53)

In all these calculations we have worked on Minkowski
space-time, (R4, n). If we consider an indefinite metric ten-
sor

g = et (54)

and the corresponding Riemannian manifold (R*, g) en-
dowed with an arbitrary base ¢y, then we can define the
commutation coefficients cog” (structure functions) [8]

[ew, élg] = Caﬁyéy. (55)

In our case éy = dy and c,g? = Hyg” . The connection co-
efficients can then be identified with the gauge fields as
7% = —B,"%. In our model, 7,,”% and Iéyaaﬁ are the tor-
sion and curvature tensors, respectively, and

RY245 =40Typ" . (56)

6 De Sitter gauge invariant matter actions.
Scalar, spinor and vector fields

As we mentioned in Sect. 3, the relation (26) is not yet suf-
ficient for the original action to be locally de Sitter gauge
invariant. We have to complete the Lagrangian density with
another term in order to obtain a pure divergence. Using the
transformation law for dete ™!, we consider the combination

Lr(@;. Vap)) = dete™" - Lu(g;. Vag)). (57)
Under local de Sitter gauge transformations it becomes
dete/_lﬁM((p}, 6&(0})
= dete_lﬁM((pj, @a(pj)
-0, ((SV + kzeétg” + a)”‘sxg) dete_ILM(goj, @agaj)).
(58)
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Therefore, the minimally extended de Sitter gauge invariant
matter action can be written as

Sszd“xdete—l(x)-ﬁM(w(x)ﬁa(pj(x)). (59)

The action for a massive scalar field ¢(x) can be extended
to a locally de Sitter gauge invariant form:

1 1
SMm = / d*x dete™! { EdD[(p d% — Engaz}. (60)

For Dirac spinor and massive vector fields, the action has the
form [3, 7]

Sm = / d*x dete™ {%W}/“(%W) — %(%WV"W}
—m/d“xdete*lmp (61)
and
4 -1 1 off 1 2 o
Sm = | d*xdete — 1 Fap PP+ om A A Y, (62)

respectively, where Fyg = Vo A g — @ﬁ Aqy.

7 Regularization technique with ¢ function

In this section we determine the heat kernel coefficients ¢
and ¢, belonging to a general hermitean second order dif-
ferential operator M defined on the Minkowski space-time
(R4, 1n). We introduce the operator M

M =—DyD*+E, Dy=Vyq+A,. (63)

The heat kernel K (is; x, y), s > 0, belonging to M, fulfills

a - . J—
<M+MX)K(zs,x,y)_0, (64)

together with the initial condition [7, 12, 13]

S(x —y). (65)

1
lim K(is; x,y) =
s—0 ( y) dete—!

In (64) the differential operator M acts on the heat kernel K
and the index x denotes the derivative of the heat kernel with
respect to x. For y — x and s — 0, we consider the small s
expansion of K (is; x, y):

i 200 e
—e Y (i) exx, y). (66)
(4mis)? =0

K(s;x,y)~
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Our main task is to evaluate the derivatives of different or-
ders for the function r2(x) and the coefficient functions
ck(x,y). By a direct but tedious calculation, we get

Vor?(x) =0,
Vgar?(x) = 21gas
Vyﬁarz(x) =0, (67)

2
Vsygal? = g(RouSﬂy + Rayps),
and the coefficients ¢ and c3:
1 ap
Cl(x)z_ER ap — E, (63)
cr(x) = _iv VR“ﬁaﬁ + iRaﬂ“ﬂ “R,s"?
30 7 72 v

1
+ —RupysR

1
Bys _ T pooa . R.YBS
180 180 v o 7P

1 1
—Fop -FP L _RP . E
+]2 ap +6 ap

1 1
- 6[DO,, [D*, E]] + EEQ, (69)

where in (69) we have Fyg =V Ag —VgAy+[Aqy, Agl. We
remark that the tensor Rgg now contains the parameter A in
each of its components, i.e. the cosmological constant will
automatically be included in the expression of the action.

Coming back to the ¢ function, we recall the well known
property

d
IndetM = m d—;(u;u;M). (70)
u

-1l

u—0
If we consider the behavior of the functional determinant
under a change of scale, &t = Au, then we have

¢'(0; fu; M) =¢'(0; s M) +21In 2 - £(0; s M). (71)

This result shows that the change of the functional deter-
minant under rescaling is fully determined by ¢(0; u; M).
For a d-dimensional Minkowski space-time, the function
£(0; w; M) has the form

c(0; s M) fddx dete™ ! treqn(x). (72)

4
© (dm)yd2

If we turn back to the action written in the previous section,
then we can construct the functional integral [11, 16, 17] for
different types of fields. The simplest case is the scalar field,
for which the functional integral is

Zylel = / Dye!M@:e), (73)
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After integration by parts we can rewrite the action as a
scalar product:

Smlp; e) = %(w, My (e)p),. (74)
Introducing the second order operator M,

My(e) = —Vo V" —m?, (75)
and performing a Gaussian integration, we can write

th [e] = e—% lndetMV,(e). (76)
We are interested in the behavior of Z,[e] under rescaling
using the ¢ function. At the scale u, we have

Zylps el :e%{/(O;M;M(p(e)). (77)
If we consider a new scale & = Au, we get
Zylji; €] = Zylu; ele ¢ Ot Mo, (78)

In (73)—(78) the index ¢ denotes the reference to a scalar
field ¢(x). In the same way, we can construct the second
order operator M and the functional integral for the spinor
and vector fields.

8 Concluding remarks

Based on the conception of de Sitter symmetry as a pure in-
ner symmetry, we developed a gauge theory of gravitation.
The gravitational interaction is mediated by gauge fields de-
fined on a fixed Minkowski space-time. Because the con-
served current J? has the same value for the global de Sitter
symmetry as well as for the pure inner symmetry, the two
complementary conceptions are equivalent, and they lead
to similar physical consequences. Replacing the usual par-
tial derivative 9, with the covariant derivative 60(, we intro-
duced the gauge fields and studied in detail their transfor-
mation laws. Various quantities, such as the curvature and
torsion tensors, depend on the deformation parameter A. In
the limit A — 0, a process called contraction, all results
obtained for the de Sitter group pass into those obtained
for the Poincaré group. The field dynamics has been deter-
mined by imposing consistency requirements in accord to

the renormalization properties of matter fields on gravita-
tional backgrounds. We have also presented a renormaliza-
tion technique using the ¢ function. To use this technique
we defined first the second order differential operator M,
and then we calculated the coefficients c; and ¢, belonging
to this operator. Using these coefficients we determined the
¢ function, ¢(0; u; M). Its insertion into the functional inte-
gral gives anomalous terms in scalar, spinor or vector fields.
At this point we remark once more that our investigations
have been made on a space with null torsion. Finally, using
the obtained results, we can construct a minimal action for
the gauge fields defined on a fixed Minkowski space-time
(R%, n). This action is invariant on the one hand under local
de Sitter gauge transformations, and on the other hand under
global de Sitter transformations.
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