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Gauge theories on noncommutative space-time
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Physics Department, ”Gh. Asachi” Technical University, Iasi 700050, Romania

Abstract

We study the gauge theories with de-Sitter and Poincaré groups as local symmetries defined
on a noncommutative space-time. First of all we discuss the twist as a symmetry principle for
noncommutatve gauge theories. It is shown that external (Poincaré or de-Sitter) symmetry and
internal gauge symmetry cannot be unified under a common twist. Then, the de-Sitter gauge
theory on commutative space-time is formulated considering the case of spherical symmetry. The
Poincaré gauge theory is obtained in the limit of vanishing cosmological constant A — 0. The
noncommutative gauge theory is developed using the Seiberg-Witten map in order to establish a
connection with the usual (commutative) case. We obtain noncommutativity corrections for the
Schwarzschild and Reissner-Nordstrom-de-Sitter metrics. Some applications to the study of the
thermodynamic properties of the black holes are also analyzed.

1 Introduction

The interest in noncommutative space-time is motivated specially by the hope of obtaining a quantum
theory of gravitation [1, 9]. The most frequent utilized (canonical) condition of noncommutativity for

the space-time coordinates is:
[xH, x¥] =i OH, (1.1)

where ©#" is a constant antisymmetric matrix. This condition is similar with the Heisenberg relation
pi, qk) = ?5jk in quantum mechanics. The noncommutativity condition (1.1) introduces an universal
minimal length scale. At distances near v/© the classical concept of smooth space-time manifold breaks
down [21]. Tt is generally assumed that /0 is closed to the Planck length L, = 1.6-1073% m. Therefore,
we can have a quantization of the space-time and this explains the interest in noncommutativity
[19, 20, 21, 22, 23]. One important problem consists in formulating gauge theories, both internal and
external, compatible with the noncommutativity propriety of the space-time. We will present some
results on this subject, emphasizing some open questions regarding noncommutative gauge theories.

Considering first the commutative (usual) gauge theory, let us suppose that we have the Lagrangian
for a Dirac field ¥ (x):

Lp =V (iy"8, —m) V. (1.2)

Then, we consider a Lie group G and suppose that the Lagrangian Lp invariant under its transfor-
mations. A transformation of G can be written as:

U=¢Ta q=1,2,....,N, (1.3)

where a® are constant parameters of the Lie group and T, - its infinitesimal generators with the

property:
To, Tt) = foTe. (1.4)

a
Here, f$, = —ff, are the constants of structure of the symmetry group G. We say that G is a global
Lie group of symmetry.
Now, if we suppose that the group parameters a® depend on space-time coordinates, a® = a® (),
then we say that we have a gauge (local) symmetry. In order to assure also the invariance of Lp under
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the gauge transformations, we have to introduce new gauge fields Af, (x), and define a gauge covariant
derivative

Dy =8, — gAu, Ay = AT, (1.5)

where ¢ is the gauge coupling constant. Then we define the strength tensor associated to the gauge
fields through the relation

9Fuw =Dy, Dyl =g (0,4, — 0, A, +g[Au, A), (1.6)
or, by components
Ff, = 0, A% — 0,A% + g fi Ab A (1.7)
The Lagrangian of the gauge fields A7, () above introduced is chosen as

1
Ly = —5tr (FuF™), (1.8)

where we understand the condition tr (T,T3) = %(5&1, which is valid for any compact Lie group.
The gauge invariant Lagrangian of the system (Dirac and gauge fields) is

1
L=Lp+Lg=Y ("D, —m)¥ — itr (EuFH) . (1.9)
We can see that the usual derivative is changed by the gauge covariant derivative:
Oy — D, (1.10)

in order to assure the gauge invariance of the Lagrangian L.

Coming back to the noncommutative theory (NC'), we remember that the coordinates on the space-
time manifold M do not commute [see condition (1.1)], meaning that the algebra A of the functions
defined over M is deformed to an associative but noncommutative new algebra Ag. The problem
with symmetries (global and local) in NC models is that the matrix ©*” is a parameter rather than
a dynamical variable. Therefore, ©#” must not be transformed under the symmetry group action.
This inconsistency makes impossible to preserve usual Poincaré and diffeomorphism invariances in
NC theories.

Let us take, for example, two infinitesimal gauge transformations with the parameters a (x) =
a® (x) T,, B(x) = B°(z) Tp. Their commutator (in the commutative case)

[a (x), ()] = a® (z) §° (2) [Ta, Ty, (L.11)

is again a gauge transformation. In the NC' case, one introduces a star-product (x - product) on the
algebra Ag of functions over the space-time (noncommutative)

—

(f %9) (@) = f (&) e=3" 0uePug (g) (1.12)
Then, a natural generalization of the gauge transformations for a field ® (x) is:
0a® = a(z)*x P (x)
The commutator of the two transformations reads:
(@), B(@)], = a(2)+f(z) - B(x) xa(z) =

=a®(z) * ° (2) T, Ty, — B° (z) x a® (z) Ty T,

(@), B, = 5 (0" (@)« 0 (1) + 0 (1) %0 (1)) [T, T3] -
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5 (0" @)+ B (@) B () %0 () (T, T3}
Therefore, the set of generators 7T, must be closed with respect to both commutators and anti-
commutators. As a consequence, only unitary groups U(n) can be used as symmetries, or we have to
work in the enveloping algebra of the Lie group of symmetry which can be organized as a Hopf algebra
H (doted with unit 1, a co-product A and a co-unit €). In the case of unitary Lie groups U(n), the
Hopf algebra coincides with the Lie algebra itself.

An important operator on a Hopf algebra is the twist F. It is defined as an element F' € H @ H
that is invertible and satisfies the properties

(Fe)(A®id)F=(10F)(id®A)F (1.13)

(ldee)A =id=(e®id) A (1.14)

As an example of twist, we give the following one which is named also abelian twist:
F = ¢ 20" 0u80 (1.15)

and it will be used in what follows.

Another problem in NC' theories is connected with the gauge covariant derivative D,. In order
to obtain a gauge invariant twist element we have to change the partial derivatives d,, by the gauge
covariant derivatives D,,. Then, we can define the non-abelian covariant twist [18]:

T = ¢ 20" DudDy (1.16)
Then, we can use this twist element to define the multiplication map,

(f*rg) (@) =poT " (f@g)(z)=p; (f©g) (). (1.17)

where 41 (f ® g) = fg is the usual (commutative) multiplication map. The algebra A, equipped with
this new x7 - product is non-commutative and non- associative.
The Leibniz rule for a gauge transformation (1.17) is not satisfied now:

50 (PR V) £ 5,0V + & ® 6, (1.18)

This introduces many difficulties in a field theory on the NC space-time.

2 Twist as a symmetry principle

Recently, an attempt was made to twist also the gauge algebra, i.e. to extend the Poincaré algebra
by the gauge algebra, as semidirect product, and to twist the coproduct of the gauge generators
with the same Abelian twist [13, 29, 30]. The result seemed to be spectacular: the same theories,
which previously were shown to be subject to the no-go theorem, were now claimed to be invariant
under any usual (not noncommutative) gauge group and to admit any representations, just as in
the commutative case. The latter approach was shown however to be in conflict with the very idea
of gauge transformations, since it assumed implicitly that if a field is transformed according to a
given representation of the gauge algebra, then its derivatives of any order also transform according
to the representations of the gauge algebra, which is obviously not the case. A new approach to
noncommutative gauge theories seems to be necessary and this necessity arises in particular from the
gravitational theory: NC gravitational effects have been recently calculated from string theory with
antisymmetric background field, i.e. in the same theory as the one which gave rise, in the low-energy
limit, to the usual noncommutative field theories. It turns out that, in the case of NC gravitational
interactions, string theory contains a much richer dynamics than the one of the theories constructed
in terms of Moyal -product alone.

The question arises whether the concept of twist appears as a symmetry principle in constructing
NC field theories: any symmetry that such theories may enjoy, be it space-time or internal symmetry,
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global or local, should be formulated as a twisted symmetry. In pursuit of this idea, in this letter we
take the most general ansatz for a non-Abelian twist, which, in the absence of the gauge interaction,
reduces to the Abelian twist. We shall show that the twisting of the gauge transformations is not
possible, in a manner compatible with the representations of the gauge algebra and keeping at the
same time the Moyal space defined by as underlying space of the theory.

In [17] it was shown in detail that the use of the Abelian twist (1.13) for deforming the Hopf
algebra is not compatible with the concept of gauge transformations. We recall that the reason for
this conflict is the fact that the derivatives of a field do not transform according to the representations
of the gauge algebra, as the fields themselves do.

However, the covariant derivatives of a field transform exactly according to the same representation
as the field itself, as we have mentioned above. Thus the option of defining the non-Abelian twist
element (1.16) involving covariant derivatives naturally occurs [18]. The operator T" defined in (1.16)
satisfies the property (1.14) but do not verifies (1.13) which assures the associativity of the product
*p-product. The second order terms which do not cancel in (1.13) are, in the Lh.s.

IWAAS
T, = 3 <_2> e"er’(D,® D, ® DD, + D, ® D, ® DsD,+

+2D,D,® D, ® Dy +2D,, ® D, D, ® D) (2.1)
and in r.h.s.

.\ 2
Ty = (_Z) @#V@PU(QDP ®@ D, ®DsDy,+ D,D,;, @ Dy @ Dy+

2
D,D,® D, ® Dy +2D,® D, Dy ® D,) (2.2)

1
2

We can try to obtain their canceling by adding supplementary terms of second order in the exponent
of (1.16). The most general form with meaningful terms of second order in , which would satisfy
(1.13), is:

i 1/ i\?2
T = exp{—i@'uVDM @Dy + 5 (—2> ©"©r°[aD, ® D,D,D,+
+bD, ® D,D,D, + ¢D, ® DyD,D, +d' DyD,D, ® D,+ (2.3)

+¥D,D,D,® D, + ' DyD,D, ® D, + O (6%)]}

where a, b, ¢, al, b, ¢/ are constants which have to be determined by imposing (1.13) up to the second
order in ©. By a direct calculation, it can be verified that the twist condition can not be satisfied, and
consequently there are no second order terms, formulated in terms of covariant derivatives, which can
lead to the fulfillment of the twist condition (1.13) up to the second order in ©. It can be also verified
that, by relaxing the requirement of exponential form for the twist as in (1.16) to an arbitrary invertible
function F(X), i.e. by taking the first and second derivatives F/(0) and F”(0) (the coefficients of the
-expansion of the twist) to be arbitrary, the twist condition (1.13) still cannot be satisfied. Thus the
result is general and is not based on the requirement of ”correspondence principle”.

Having in view also the analysis of [17], which showed that the Abelian twist (1.15) cannot be used
for twisting gauge transformations, it appears that there is no way to reconcile the twist condition
and the gauge invariance principle. Let us mention that by using the Seiberg-Witten map [2], which
provides a connection between a NC' gauge symmetry and the corresponding commutative one as a
power series in the noncommutativity parameter O, the resulting Lagrangian or action [31] cannot be
brought to the form given by a twist.

It is intriguing that the external Poincaré symmetry and the internal gauge symmetry cannot
be unified under a common twist. The situation is reminiscent of the Coleman-Mandula theorem
[32] (for a pedagogical presentation and other references, see [33]), although not entirely, since the
Coleman-Mandula theorem concerns global symmetry and simple groups. However, one can envisage
that supersymmetry [34], due to its intrinsic internal symmetry, may reverse the situation, and a
noncommutative supersymmetric gauge theory can be constructed by means of a twist.
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3 Commutative gauge theory

We consider a model of gauge theory for gravitation having the de-Sitter group (D.S) as local symmetry.
The base manifold is a four-dimensional Minkowski space-time My, in spherical coordinates:

ds* = dt* — dr® — r? (d6* + sin® 0dyp?) . (3.1)

The corresponding metric g, has the following non-null components:

go=1  gu=-1, go=—r’  gg=-—r’sin’f. (32)

The gravitational field will be described by gauge potentials and the mathematical structure of this
underlying space-time is not affected by physical events [3].

The group DS is 10 dimensional, and its infinitesimal generators will be denoted by II, and
Myp = —Myg, a,b = 0,1,2,3, where II, generate the de-Sitter "translations” and My, - the Lorentz
transformations [6]. In order to give a general formulation of the gauge theory for the de-Sitter group
DS, we will denote the generators II, and M, by X4, A = 1,2,...,10. Then, the equations of
structure can be written in the general form:

(X4, XB] = ifipXc, (3.3)

where ng = — fg 4 are the constants of structures whose expressions will be given below [see Egs.

(3.7)].

Let us suppose now that DS is a gauge group for gravitation. As usual, we introduce 10 gauge
fields (the gravitational potentials) hﬁ (x), A=1,2,....,10, p = 0,1,2,3, where (z) = (z*) denotes
the local coordinates on My, with 20 = ¢, 2! = r, 22 = 0, 23 = . Then we construct the 2-form F
associated to the potentials h;‘ (x) [5]:

1
F= §FW dzt A dzx”, (3.4)

where F,, = F, HAVX A are its components which take values in Lie algebra of DS group (Lie-algebra

valued). The components F}‘f‘u are given by:

A A A A 1B C
Fy, = 0uh, — Ouhy, + feoh, hy (3.5)
In order to write the constant of structure ng in a compact form, we use the following notations

for the index A: N { P—0.12.5 .
| [ab] = [01],]02], [03], [12], [13], [23]. ’

This means that A can stand for a single index like 2 or 3, as well as for a pair of indices like [01],
[12] etc. The infinitesimal generators X 4 of the DS group are interpreted as: X, = II, (the de-Sitter
"translation” operators) and X [at) = Map (the Lorentz transformation operators) with the property
Mgy, = —My,. The constants of structures ng have then the following expressions:

a __ [ab] __ ra _
foe = Fege) = Fipejiae) = 0
717 = ax (ohog — o20) = — 112, (3.7)
a a 1 a a
fb[cd] = _f[cd]b 9 (Mbedg — Mbade )
1
f[[slﬁ][cd] = Z (7750525§ - 77ac5§5§ + 77ad(5§(5£ — nbddgég) —e+— f,

where A is a real parameter, and (n,;) =diag(1, —1,—1, —1) is the Minkowski metric in the tangent
space to My. In fact, the constants (3.7) correspond to a deformation of de-Sitter Lie algebra having A
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as parameter [6]. If we consider the contraction A — 0 then the generators II, become the generators
P, of space-time translations and the group DS contracts therefore to the Poincaré group P.

We denote the gravitational gauge fields hf} (z) by ej(z), if A = a, and respectively w“b( ) =

wi’ﬂ(m) if A = [ab]. Then, the components F;‘V of the strength tensor can be written in the form [7]:

Fj, = 0uel, — 0yel, + ( abge _ w“bec> Mbe (3.8)

Fob = 9,08 — 9,0 + ( et — Wil ) mea + 402 (0205 — 320} ) et (3.9)

The integral of action associated to the gravitational gauge fields e, (z) and wﬁb(x) will be chosen as

[7]: X
_ 4
8= 1o /d zeF, (3.10)

F=Fiele. (3.11)

where e = det(ej;) and
Here, € (z) denotes the inverse of ef,(z) satisfying the usual properties [7]:

e =0, ele, =90

1€ = 0 (3.12)

We suppose that the source of the gravitation creates also an electromagnetic field A,(x). The
corresponding integral of the action will be chosen in the form [7]:

4 —H
em = — A% AL, 3.13
S, 1K g2 /d re Al A, ( )
with A% and Al defined as:
A A,Z ey, A;VL = EZEZWGbAupa (3.14)
and respectively:
A, = Aler. (3.15)

Here K is a constant that will be chosen in a convenient form to simplify the solutions of the field
equations and A, denotes the electromagnetic field tensor:

App = 04A, — B,A,. (3.16)

The quantity g in (3.13)is the gauge coupling constant [7]. Then, the total integral of action associated
to the system composed of the two fields is given by the sum of the expressions (3.10) and (3.13):

1 1 —
_ 4 a M
S = /d x [167rGF_ 4Kg2A“ A, | e. (3.17)

The field equations for the gravitational potentials €Z(£L’) can be obtained by imposing the varia-
tional principle 8.5 = 0 with respect to ef;(x). They are [18, 35]:

1
Fi— §F ey = 8nGTy, (3.18)

where F is defined by:
Fy=FYey, (3.19)

and T} is the energy-momentum tensor of the electromagnetic field [6, 7]:

a 1 b afu 1 b AV _a
T =% <A Agey - 1AL A; eu>. (3.20)
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The field equations for the other gravitational gauge potentials wff’ (z) are equivalent with [6]:
Fi, =0. (3.21)

We will obtain a solution of the field equations (3.18) and (3.21) supposing that the gravitational field
has spherical symmetry and it is created by a point-like mass m (the source). In the same time, we
will admit that the electromagnetic field A, (z) is due to a constant electric charge @ of the same
source, i.e. we will consider that the point-like mass m is also electrical charged.

The field equations for the electromagnetic field A,(x) can be obtained also by imposing the
variational principle 045 = 0. However, we will not write these equations because the expressions of
the A, (x) components are well defined for a fixed point-like particle with charge Q.

We consider now a particular form of spherically gravitational gauge field given by the following
ansatz [7]:

1

0 _ 1
e, = (4,0,0,0), e, = <0,A,

0,0>, s, =(0,0,7,0), € =(0,0,0,rsind), (3.22)

and
wy' = (U,0,0,0), w?=uw)=0, w?=1(0,0,4,0),

w,? =(0,0,0,Asinf), w* =(0,0,0,cos6), (3.23)
where A and U are functions only of the 3D radius r. We use the above expressions to compute the
components of the tensors Fj, and Fﬁfj defined by the Egs. (3.8) and (3.9). The non-null components
of these tensors are:

Flg = ————, (3.24)
and respectively:
Fii =U'+4)%,  FER=AU+4)\r),  F§ = Asin0 (U +4)\%r),
—AA + 4\%r P13 _ (—AA" +4X?r) sinf

A 9 31 — A bl
F35 = (1— A% +4)°r?) sino),

Fj? = (3.25)

where A’ and U’ denote the derivatives with respect to variable r.
Using these expressions, we obtain the following expressions for F' defined in (3.11) and Fj (only
non-null components) given by (3.19):

27'2U’ +2rU —2rAA +1 — A2

F= 5

. —48)\%, (3.26)

and respectively:

A (rU' +2U + 12X%r) U —rAA 1 - A7+ 1207

FO=— F? = 2
0 r ) 2 r ) (3 7)
" 2AA +12)2 —rAA +1— A2 +12)2
Ff:—rU A—l— )\r, ng_rU r + + Arsin@.
T T

The non-null components of the energy-momentum tensor 77 for the electromagnetic field created
by the constant charge @ are [7]:

o 1 AQE 1 @
07 Kg? 32m2e3rt’ L7 Kg? 32Am2e3rt’
1 Q? 1 Q?
. — T3 = ———— % _ _<ind. 3.28
2 Kg? 32m2e3rd’ 3 Kg? 32m2e3r3 St ( )
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Introducing all these results in Eq. (3.18), we obtain the following field equations for ef(z):

244" 1-A° Q?

— 1237+ = = 2
. 2 + o 0, (3.29)
Q2
U—AA +rU +12)\%r + =0 (3.30)
QZ
—2AA" 4+ U+ 120%r + = =0. (3.31)
r
Here we chosen the constant K in (3.13) so that:
G
——— = 1. 3.32
47rKg2eg (3:32)

Now, if we use the field equations (3.21) for wj}”, then we obtain the following constraint on the
component U:
U=-AA" (3.33)

The solution A (r) of the differential equations (3.29)—(3.31) together with the constraint (3.33) for
the function U(r) is
QZ
A2 =1+ — +—+ﬂr (3.34)

where « and (§ are arbitrary constants of 1ntegratlon. If we chose

A
a=-2m, (= —3 (3.35)
then we obtain the Reissner-Nordstrom-deSitter solution
Q* A,
A% =1 " —|— 2 37' , (3.36)

We use the units such that c=1, G =1

) 47r8() -

4 Deformed gauge fields

The gauge fields corresponding to the de Sitter gauge symmetry for the noncommutative case are
denoted by é, (z, ©) and (I)ﬁb (z, ©), generically denoted by (IJ;‘B (z, ©), with the obvious meaning
for the indices A, B. The main idea of the Seiberg-Witten map is to expand the noncommutative
gauge fields, transforming according to the noncommutative gauge algebra, in terms of commutative
gauge fields, transforming under the corresponding commutative gauge algebra, in such a way that
the noncommutative and commutative gauge transformations are compatible, i.e. [2]

AP (w) + 65045 (w) = 07 B (w + Shw). (4.1)

where 5 are the infinitesimal variations under the noncommutative gauge transformations and d, are
the infinitesimal variations under the commutative gauge transformations.

Using the Seiberg-Witten map [2], one obtains the following noncommutative corrections up to
the second order [8]:

1

;115;(55) = 1 {wy, apwu+Fpu}ABa (4.2)
1

flg)ﬂ'( ) = 32 ( {w/\7a {U‘)W PwM+FM}}+2{W)\7{FTwFﬂ}} (43)

- {WAv{WVaDpFw""apFw}}_{{ww pwx + F, A} (Tw“—i-Fw)}
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+ 2[B,w, 8, (Bywy + Fr )] )AE,

where
{0, 8} = 0" pE + 54 ag, (o, 5" = a7 B8 — 27 af (4.4)

and
Dy FiP = 0, F1P + (wiC FRP +wlC FOA) nep. (4.5)

The noncommutative tetrad fields were obtained in [8] in the second order of © in the limit A\ — 0 as:

& (2,0) = el (x) —i ©"P¢l,, (v) + OO e, \ (x)+ 0 (6%, (4.6)
where
Cuvp = i [uﬁcapeﬁ + (3,0%‘10 + anc) e,ﬂ Neds
e = 352 Fug}?® € — t” (D it 40, F20) e nam—
—{wy, (DpFrp + ame)}ab ex — Or {wy, (Opwy + Fpu>}ab es — (4.7)

— 800 (st O + (O i+ Fl) €f) mam + 20,08 0,0r €,
20, (aT Wi 4 Fg;) Dy €5 — {wu, (Fpwn + Fpn) 30 0r e, —
(aT Wi 4 Fg;) (wgdapeT v (ap Wl F;;l) em ndm) .
Using the hermitian conjugate éZT (z,0) of the deformed tetrad fields given by,

et (2,0) = e (z) +1 0% ¢t

twp () + OPON 2 () + O (@3) , (4.8)

LVPAT

a real deformed metric was introduced in [35] by the formula:
1
G (2.0) = s (& well + 2w esh). (4.9)

We can see that this metric is, by definition, a real one, even if the deformed tetrad fields éj, (z,0)
are complex quantities.

5 Second order corrections to Schwarzschild solution

Using the ansatz (3.22) — (3.23), we can determine the deformed Schwarzschild metric. To end this,
we have to obtain first the corresponding components of the tetrad fields éj, (z,0) and their complex
conjugated é%" (x,0) given by the Eqs. (4.6) and (4.8). With the definition (4.9) it is possible then
to obtain the components of the deformed metric §,, (z, ).

To simplify the calculations, we choose the parameters 0" as:

0 000
oHv = _09 8 8 8 . v =1,2730. (5.1)
0 000

Here the constant quantity 6, which determine noncommutativity of the space-time coordinates, is
chosen so that it has the dimension L ( length).
The non-null components of tetrad fields &}, (x, ) are:

1 A//

b=t (Ar2rA) 640 (%), (5.3)
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&2 _r—i—— (TAA +12r A2 1120 AA") 6% + 0 (8%), (5.4)

&3 =r sin Hi(cos 9) 9—1—% (27"A’2+7“AA”+2AA’—1;11,> (sin 6) 6> (5.5)
+0 (6°),

& =A+= 2 (2rA’3+57~AA’A”+7~A2A’”+2AA’2+A2A”) 0° (5.6)
+0 (6%).

where A’, A”, A" are respectively first, second and third derivatives of A(r). The complex conjugated
components can be easily obtained from these expressions.

Then, using the definition (4.9), we obtain the following non-null components of the deformed
metric g, (,60) up to the second order:

1 A//

g11(z,0) = A2+ZZ92+0(94) (5.7)
go2 (z,0) = 1° +1 (A2 + 117 AA +167% A% + 12724 A") 6* + 0 (6%,
g3z (z,0) = r%sin?6
1 / A " 12 s 2 2 2 4
-1-1—64 2AA—TA+TAA+2TA sin® 6 + cos” 0 9+O(9)
+0 (6%),
goo (,0) = —A?

1
-7 (2rAAP +r APA" + AP A" + 242 A% +5r A2 A A") 02+ 0 (0%).

For 6 — 0 we obtain the commutative Schwarzschild solution with A% = 1+ ¢ [see Eq. (3.34) with
Q=0,6=0|.

It is interesting to remark that, if we choose the parameters §* as in (5.1), then the deformed
metric g, (x,0) is diagonal as it is in the commutative case. But, in general, for arbitrary 0*¥, the
deformed metric g, (x,0) is not diagonal even if the commutative (non-deformed) one has this prop-
erty. Therefore, we can conclude that the noncommutativity modifies the structure of the gravitational
field.

For the Schwarzschild solution we have:

o 2G M
Ar)=4/14+=, a=— ; .
(r) +—,a 2 (5.8)

The function A(r) is non-dimensional, but its derivatives A’; A” and A" have respectively the dimen-
sions L™, L72 and L3. As a consequence, all the components of the deformed metric Guv (2, 0) in
(5.7) have the correct dimensions.

Now, if we introduce (5.8) in (5.7), then we obtain the deformed Schwarzschild metric. Its non-null
components are:

. 1 a(dr —3a) o 4
= — 0 + O(0%),
g1 1_% 1612 (r—oz)Q (%)
2r2 — 17 ar + 1702
~ 2 2 4
= 6“4+ O(0 5.9
2 2 20_ o (2r —
iy =12 sin? g4 T Or @) 0o @Qroa)y g
167 (r —a)
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. o) a(8r—1la) o 4
do=—(1-7) -5 ¢ +00,

We can evaluate then the contributions of these corrections to the tests of General Relativity. For
example, if we consider the red shift of the light propagating in a gravitational field [27, 35], then we
obtain for the case of the Sun:

AN o «a(8R-1la) , 1
— =——-—— 0“4+ 0 (0 5.10
A 2R 32R4 + ( ) ’ ( )
where R is the radius of the Sun. Because for the Sun we have a = Q%M = 2.95-10®m and
R = 6.955 - 108 m, then we obtain from (5.10):

AN

-~ =2-107°-2.19-1072*6* + O (6. (5.11)
The noncommutativity correction has a value that is with about 18 orders less than that which
result from General Relativity. Therefore, presently it is impossible to verify experimentally the

noncommutativity correction to the red shift test of General Relativity.

6 Corrections to the Reissner-Nordstrom solution

The results from previous sections apply to any spherically gravitational field having the gauge po-
tentials defined as in Eqgs. (3.22) and (3.23). In particular, they can be used also to the Reissner-
Nordstrém-de-Sitter metric, with the function A (r) given by (3.36). Inserting this expression of A (r)
into the equations (5.7), we obtain the deformed Reissner-Nordstrom-de-Sitter metric:

) 2m 2 A -1 —2mr3 4+ 3m?r? 4+ 3Q%*r? — 6mQ?r + 2Q*
9112(1——#%—37’2) —i-( © © Q)

o? 6.1
r Ar2(r2 — 2mr + Q2 — 4r4)2 (6.1)

A%r8  3ArS + 11mAr® 7Q? Art
3 4 4 3 @2
3

4r2(r2 = 2mr + Q? — %r‘l)z

(rt — 17mr3 + 34m?2r? + 27Q%r? — 7T5mQ*r + 30Q%)
1672(r2 — 2mr 4+ Q2 — %r‘l)

e? (6.2)

Goo =17+

56%27"8 _ 38§r6 4 24mAr® — 46Q§Ar4
A
1672(r2 — 2mr + Q2 — §r4)

cos? O(r* + 2mr3 — 7Q%r? — 4m?r? + 16mQ%*r — 8Q4)

16r2(r2 — 2mr + QQ%r‘l)
(—4mr® + 4m?r? + 8Q%r? — 16mQ*r + 8Q*)
1672(r2 — 2mr + Q2% — %7‘4)

. 2,6 4
sin 0 (25/\ 0y TArt 14n§m3 i AQ2T2)

)

@2

G33 = r’sin® 6 +

0%+ (6.3)

9 3
A
1672(r2 — 2mr + Q% — 5714)

)

) 2m  Q* A 9 (4mr3 —9Q%*r% — 11m?r? 4+ 30mQ?r — 14@4) 9
900:—<1_7, Tz—gr>— 1,6 © (6.4)
B 25A%r — 9Ar? 4+ 6mAr — 9AQ? 02
144r2 ’

It will be very interesting to study the gravitational singularities of the deformed scalar curvature
using these considerations. Some results are given in Ref. [28].
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The expression (6.4) can be used to obtain corrections to the thermodynamical quantities due to
the space-time noncommutativity. If we consider the radius of event horizon for Reissner-Nordstréom

metric
ro = mt \/m? — Q2. (6.5)

then we can consider its expression as a function of A of the form
r=ro+ah +bA% 4 - - (6.6)
because for A = 0 we must obtain the Reissner-Nordstrom solution. Inserting (6.6) into the equation

2m  Q* A,
1_7 —_—— — pu— .
r + 23" 0 (6.7)

we obtain the following expression for unknown coefficients a and b in (6.6)

_ L B o (6m7‘0 — 7Q2)
““ % (mro — Q?)’ b= 72 (mro — Q2)% 6.8

In the noncommutative case, we can consider the corrected event horizon radius up to the second
order as .
r =A+B0O+C 6% (6.9)

substituting this expression into the equation @ (;“\, @) = (0,we obtain the corrected cosmological and

black hole (Killing) event horizon radii respectively as solutions of this equation [28]:

M =m+/m2— Q2+ al + bAZ

N 6m* + y/m? — Q2 (6m® — 8mQ?) — 11m2*Q?* + 5Q*
8 <8m5 + \/meQ2 (8m* — 8m?2Q? + Q*) — 12m3Q? + 4mQ4>

o2, (6.10)

and
Py =m —/m?—Q?+ ah + bA%+
N 6m?* — \/m? — Q2 (6m® — 8mQ?) — 11m2Q?* + 5Q*
8 (8m® = /m? = Q2 (8m* — 8m?Q? + Q1) — 12m3Q + 4mQ*)

The distance between the corrected event horizon radii is given by following relation in an example
case, when m = 2@

e (6.11)

A 513

d:ﬁ—§:2\/§Q+4g®de+Ad. (6.12)
Therefore, in the noncommutative space-time the distance between horizons is more than in commu-
tative case. Then, we obtain from (6.12)

2
Ad _ 5167 (6.13)
d 8Q?
The ratio of this change due to the noncommutativity correction to horizon radii has a value which is
much too small to be experimentally detected.
Having the horizon radii determined, it is possible then to obtain corrections for the temperature,
horizon area and entropy of the black hole [24, 25, 26, 28].
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