Classical and quantum models for the gauge fields

1. Model based on the quantum gauge theory of gravitation
1.1. The definition of the action integral
We construct a model for the gauge fields (classical and quantum) based on the quantum
gauge theory of gravitation.
The gauge gravitational group G of symmetry has the infinitesimal transformations of the
form [1, 10]:
Ulg)=1-¢"P,, a=1,23,0, (1)
where ¢“ are the infinitesimal parameters of the group and P, =—i0, are the generators of
gauge group G. The commutation relations of these generators are:
P, B |=0. @)
As usually, we introduce the 1-form of the gauge gravitational field with values into
the Lie algebra of the group G:
A(x)= A4, (x)dx* = 4% (x)P,dx", pn=123,0 3)
where 4 (x) are the gravitational gauge potentials. Then, a gauge covariant derivative is
defined as
D,=0,-igA,(x). 4)
where g denotes the gauge coupling constant of the gravitational interactions.

It is more convenient to introduce new equivalent gauge potentials



Gy (x) =3} — g 47 (x). )
We suppose that these new potentials admit the inverses (_}a“ (x) with the usual properties:

_au GE =gP

o G GU=dY. (6)

Then, we construct the 2-form of curvature F =F,, (x)dx" Adx¥ = F, (x)P,dx" Adx"

associated to these potentials, with values in the Lie algebra of G, having the components:
Fu(x)=Gho,4y - Gb oA . (7)

In order to make comparison with General Relativity, we define a metric tensor on the

gravitational gauge group space by:

8op =My G4 Gy (8.2)

g® =n"GiGY. (8.b)
where n,, = diag(l,l,l,—l) is the metric tensor of the Minkowski space-time M, and n"’

denotes its inverse.

We define the integral of action for the gravitational gauge potentials under the form:
S =[-detlg,)Ld*x, (9)
where det(gaﬁ) is the determinant of the metric tensor g5, and L is the Lagrangian density

of the gravitational field. Because we want to introduce the cosmological constant A in our

model, we chose L of the form:
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Taking 6.5 = 0 with respect to gravitational gauge potentials A:‘ (x), we obtain the following

general field equations:
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where (T o ): is the gravitational energy-momentum tensor considered as the source of the

gravitational field [3, 10]. The expression of this tensor has been obtained using a computing
program based on MAPLE system. We will obtain a solution of the field equations (11)

considering the case when the gauge potentials have spherical symmetry [1, 4]:

(12)

Ag(x)=dmg(,4(r)f‘1 rsind-1__Alr) ]

gr grsind " 1- gA(r)
where A(r) is a function of the radial coordinate » only.

1.2. The calculation of the energy-momentum and obtaining of field equations

Using the MAPLE computing program written by us [6, 8], we obtained the components of

tensor F, (x), the metric gqp and g and also of the energy-momentum tensor (T 2 ); We

list here only a few of the simpler components of the gravitational energy-momentum tensor:

Tll:_A(l")(Z—gA(V))_i_A’(V)_ 1. + 1 . , (13)
2gr2(l-gA(r)) gr g'risin®0® 2g?r*sin®




cos6 7l (l—gA(r))

T} = =- :
1 2g%r?sin” 0

g” r’sin” 0 ’
where A'(r) denotes the derivative of the function 4(r) with respect to the 7 variable. Using

these expressions, we obtained the following four field equations:

1
2gr*(1-g A(r))

(2g2 rA(r)A'(r)-2grA'(r)+ g*A(r) —2g A(r)+ Ar? ): 0,(14)

Zi(zng(r)A'(ngZ rA(r)A"(r)-2g A'(r)+ g2 r A'(r) —grA"(r)+ Ar)= 0, (15)

g

Tt A ()+ g A0) )= 28 A+ & AGY —gr A'()+ Ar)=0,16
g

1—2g Az(r)(zgz rA)A(r)-2gr A'(r)+ g2 Alr) —2gA(r)+Ar2)= 0. (17)
gr

where A4"(r) is the derivative of second order of the function A(r) with respect to variable r.

1.3. The construction of a solution containing the cosmological constant

It is easy to verify that these equations are equivalent if 1—-g A(r) # 0, so that we have only

one independent field equation for one unknown function A(r). The constraint 1—g A(r) = 0
is in accord with the definition (3.1) of the gauge potentials A:‘ (x) Denoting
y(r) = (l -g A(r))2 , we obtain from Eq. (14):

ry'(r)+y(r):1—Ar2, (18)
with the solution:

yr)=1+=-2=r2, (4.8)



where a is an arbitrary constant of integration. Then, the solution

1i1/1+g—ér2
A(r)= r3 (20)
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. 2GM . Ny
and if we choose o = —G—2 , where M is supposed to be the mass of the point-like source of
c

our gravitational field, then the result (20) corresponds to a Schwarzschild-de-Sitter type

solution having the square of the line element [see Eq. (8.a)]:

dr? 2GM A
ds? = +r2do? +sin® 0de? )| 1- ——rzjdtz. 21
2GM_A | -3 .
2
cr 3

We remember that this line element is defined on the gravitational gauge group space G and
that the space-time M remains a Minkowski (flat) one.
The conclusion resulting from the above model is that we can consider the gravitation

as a physical interaction in a flat space. The gravitational is described by gauge potentials

A:‘ (x), and the metric is constructed on the manifold of the gravitational gauge group G and

do not modify the space-time. As a consequence, It will be easier to obtain quantum models
for the gravitational field and, in general for any gauge fields, using the method of integral
functional [7], the space-time being flat.
2. Definition of a star product between fields defined on non-commutative space-times
2.1. Construction of gauge-covariant derivative

We consider a non-commutative space-time as base manifold for the gauge theory. This

means that the coordinates x" (u = 1,2,3,0) satisfy the following relations of commutation:



[x”,xv]:iO”V, (22)

where 0" is an anti-symmetric constant matrix. In this case, we have to change the usual

ko

product ®(x)¥(x) of two field operators by the star product “*” defined as:

D(x)* W(x)= CD(x)expGO”V 0,®0, j ¥(x). (23)

The non-commutative gauge models based on this star product have the disadvantage that
they are not Lorentz invariant, i.e. the relation (22) is not invariant under the Lorentz
transformations. However, they are invariant under the deformed Poincaré algebra with an

abelian twist operator:
o
F =exp(ze» P® ij , (24)

where P, are the generators of the space-time translations which we defined above. The twist

P induces a deformed product on the representation space of Poincaré algebra:
mo(@®W)—>m, o(@QW)=moF ' (®®F)=(D*V), (25)
which gives exactly the star product “*” from the definition (23).

Because the “*”

product is fixed once for all by the choice of the twist and thus it does not
transform at all. As a consequence, there appear difficulties when we try to deform the
internal gauge transformations with the same twist (24). It is necessarily to find out a general

principle of symmetry so that we can obtain non-commutative internal and external gauge

theories without contradictions. Here we describe our results on such a principle [2].



Let us consider the Lie group G as an internal group of symmetry with its Lie algebra

g . The infinitesimal generators of the group G are denoted by 7,,a =12,...,m and they
satisfy the equations of structure

r.15]=i5 1. (26)
where f;, =—f,, are the structure constants.

If we suppose that the ¢ is a local algebra of symmetry (gauge), then a gauge
transformation is given by the operator:
8, =a’(x)T,. (27)

a

As usually, we introduce the gauge fields, with values into the Lie algebra:

A = A(x)T, . (28)
We define the gauge-covariant derivative:
D, =0,-id,(x), (29)
having the property that D, ®(x) transforms covariant for any field ®(x):
8,D, ®(x)=ia’ (x)(D, ®(x)). (30)
If we want to have a model that includes simultaneously the internal gauge symmetry ¢ and

external P (Poincaré), then we must use the Hopf algebra U( P > ¢) associated to the semi-

direct product of the two algebras. Then, the gauge covariant derivative have to be written

under the form
V,=i(P, -4 T,), (31)
were B, =—i0,,.
In the work [9] it has been shown that the use of an abelian twist is not compatible with the
gauge transformation concept. This is because the ordinary derivative 0, dD(x) of a field is

not gauge-invariant ( i.e. do not transforms like the field themselves). But, using the property

(30), we defined in our work [2] a non-abelian twist containing the gauge derivative:



T= exp(—%@”v D, ®D, +0(p’ )j (32)

Correspondingly, we defined a new deformed star product *, by:
mo(@®V)=0¥ >m, o(@O¥)=moT ' (@O¥)=(D*, V).  (33)

2.2. Verification of the star product properties

In general, this new star product is not associative, so that we have to pay a special
attention when we use it. The study of a twist defined with the gauge covariant derivative
remains an open question for new researches. However, for some classes of representations of

the Hopf algebra U( P > ¢), the associativity property can be satisfied as we show bellow.

Using the Hopf algebra U(P > g) as symmetry algebra for the non-commutative

gauge theory, we must introduce a co-product A , a unity element 1 and a co-unit ¢ with the

properties:
AX)=X®1+1®X, VXeU(Prg), (34)
(i[d®€)oA=1= (e ®id)oA. (35)
The twist operator 7 must satisfies the conditions:
(T®1)A®id)I = (1®T)id ®A)T, (36)
(id® )T =(e ®id )T . (37)

In our works we verified the condition (34) and established that it is satisfied only for those

representations of the Hopf algebra U( P > g ) which satisfy the constraints:
F,(®)®D,(¥)®D,(X)+D,(®)®F, (¥)®D,(Z)=0, (38)
D,(®)®F,(¥)®D,(X)+D,(®)®D, (¥)®F,(X)=0, (39)

where @©,V,X are arbitrary fields from the representation space.

The conclusion resulting from our research is that the external Poincaré symmetry and
internal gauge symmetry can not be unified under a common twist [2]. This could be a
reminiscent of the Coleman-Mandula theorem, although not entirely, since this theorem
concerns global symmetry and simple groups. However, the supersymmetry may reverse the

situation due to its intrinsic internal symmetry.



2.3. An example of non-commutative model based on Seiberg-Witten map

Using our previous results, we obtained non-commutativity corrections for the metric
(21), supposing that A =0. We used the Seiberg-Witten map [11], and determined the
following expressions for the components of the metric up to the second order in the

parameter 0 :

R 1 old4r-3a
g, = - (2 )2 0% +0(0"), (40)

=% lér (r-a)
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32r(r-a)
2 2 2
g33=r2sinze+(r +ar-a’ Joos e'0‘(2“0‘)9%0(64), 42)
16r(r—0t)

Bop = —[1—3}“(8;141“)02 +00%). (43)

r 167

where we chose0'? = —0>' =0 and all other components of 0 yw vanishing. We can see that in

these expressions we have only corrections of second order in the parameter 0.

Having these corrections, we can study the thermodynamic properties of a black hole.
Some generalizations to other metrics are also possible. These aspects will be studied in the
following steps of the project.
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