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Classical and quantum models for the gauge fields 
 

1. Model based on the quantum gauge theory of gravitation 

1.1. The definition of the action integral 

We construct a model for the gauge fields (classical and quantum) based on the quantum 

gauge theory of gravitation. 

The gauge gravitational group G of symmetry has the infinitesimal transformations of the 

form [1, 10]: 

  ( ) α
αε1ε PU −≅ ,  1,2,3,0α = ,     (1) 

where αε  are the infinitesimal parameters of the group and αα ∂−= iP  are the generators of 

gauge group G. The commutation relations of these generators are: 

  [ ] 0, βα =PP .        (2) 

As usually, we introduce the 1-form of the gauge gravitational field with values into 

the Lie algebra of the group G: 

  ( ) ( ) ( ) µ
α

α
µ

µ
µ dxPxAdxxAxA == ,    0,3,2,1µ =    (3) 

where ( )xAα
µ  are the gravitational gauge potentials. Then, a gauge covariant derivative is 

defined as 

  ( )xAgiD µµµ −∂= .       (4)     

where g denotes the gauge coupling constant of the gravitational interactions.  

 It is more convenient to introduce new equivalent gauge potentials 
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  ( ) ( )xAgxG α
µ

α
µ

α
µ δ −= .      (5) 

We suppose that these new potentials admit the inverses ( )xG µ
α  with the usual properties: 

  µ
ν

α
ν

µ
α

β
α

β
µ

µ
α δ,δ == GGGG .      (6) 

Then, we construct the 2-form of curvature ( ) ( ) νµ
α

α
µν

νµ
µν dxdxPxFdxdxxFF ∧=∧=  

associated to these potentials, with values in the Lie algebra of G, having the components: 

  ( ) α
µβ

β
ν

α
νβ

β
µ

α
µν AGAGxF ∂−∂= .     (7) 

In order to make comparison with General Relativity, we define a metric tensor on the 

gravitational gauge group space by: 

  ν
β

µ
αµναβ η GGg = ,       (8.a) 

  β
ν

α
µ

µναβ η GGg = .       (8.b) 

where ( )1,1,1,1ηµν −= diag  is the metric tensor of the Minkowski space-time M, and µνη  

denotes its inverse. 

 We define the integral of action for the gravitational gauge potentials under the form: 

  ( )∫ −= xdLgS 4
αβdet ,      (9) 

where ( )αβdet g  is the determinant of the metric tensor αβg , and L is the Lagrangian density 

of the gravitational field. Because we want to introduce the cosmological constant  Λ  in our 

model, we chose L of the form: 
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2

β
ρσ

α
µν

σ
β

ν
α

µρ

β
ρσ

α
µν

σ
α

ν
β

µρβ
ρσ

α
µναβ

νσµρ

2
η

4

1

η
8

1
ηη

16

1

g
FFGG

FFGGFFgL

Λ
++

−−=

  (10) 

Taking 0δ =S  with respect to gravitational gauge potentials ( )xAα
µ , we obtain the following 

general field equations: 

  

( ) ,
g2

-)δη
2

1
δη

2

1

η
4

1
η

4

1
ηη

4

1
(

ν

α

ν
α

β
ρβ

µ
α

νρβ
ρβ

ν
α

µρ

ν
ρα

µρµ
ρα

νρσ
ρσαβ

νσµρ
µ

gT-gGFF

FFFg

=
Λ

+−

++−∂
   (11) 

where ( )ν
αgT  is the gravitational energy-momentum tensor considered as the source of the 

gravitational field [3, 10]. The expression of this tensor has been obtained using a computing 

program based on MAPLE system. We will obtain a solution of the field equations (11) 

considering the case when the gauge potentials have spherical symmetry [1, 4]: 

  ( ) ( ) ( )
( )







 −
=

rAg-1

rA
-,

θsinrg

1-θsin
,

1
,α

µ

r

rg

r
rAdiagxA ,   (12) 

where A(r) is a function of the radial coordinate r only. 

 1.2. The calculation of the energy-momentum and obtaining of field equations 

 Using the MAPLE computing program written by us [6, 8], we obtained the components of 

tensor ( )xF α
µν , the metric αβg  and αβg and also of the energy-momentum tensor ( )ν

αgT . We 

list here only a few of the simpler components of the gravitational energy-momentum tensor: 

  
( ) ( )( )

( )( )
( )

θsin2

1

θsin

1

rAg-12

2
223222

1
1

rgrgrg

rA

rg

rAgrA
T +−

′
+

−
−= , (13) 
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( )( )

θsing2

1
,

θsing

θcos
222

1
2232

2
1

r

rAg
T

r
T

−
−== ,    

where ( )rA′  denotes the derivative of the function A(r) with respect to the r variable. Using 

these expressions, we obtained the following four field equations: 

    
( )( )

( ) ( ) ( ) ( ) ( )( ) 0222
12

1 2222

2
=Λ+−+′−′

−
rrAgrAgrArgrArArg

rAgrg
, (14) 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) 022
2

1 2222 =Λ+′′−′+′−′′+′ rrArgrArgrAgrArArgrArAg
g

,  (15) 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) 022
2

θsin 2222 =Λ+′′−′+′−′′+′ rrArgrArgrAgrArArgrArAg
g

,(16)  

( ) ( ) ( ) ( ) ( ) ( )( ) 0222
2

1 2222

2
=Λ+−+′−′

−
rrAgrAgrArgrArArg

rg

rAg
.  (17) 

where ( )rA ′′  is the  derivative of second order of the function ( )rA  with respect  to variable r. 

1.3. The construction of a solution containing the cosmological constant 

It is easy to verify that these equations are equivalent if ( ) 01 ≠− rAg , so that we have only 

one independent field equation for one unknown function ( )rA . The constraint ( ) 01 ≠− rAg  

is in accord with the definition (3.1) of the gauge potentials ( )xAα
µ . Denoting 

( ) ( )( )21 rAgry −= , we obtain from Eq. (14): 

  ( ) ( ) 21 rryryr Λ−=+′ ,      (18) 

with the solution: 

  ( ) 2

3

α
1 r
r

ry
Λ

−+= ,       (4.8) 
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where α is an arbitrary constant of integration. Then, the solution 

  ( )
g

r
r

rA

2

3

α
11

Λ
−+±

= ,      (20) 

and if we choose 
2

2
-α
c

GM
= , where M is supposed to be the mass of the point-like source of 

our gravitational field, then the result (20) corresponds to a Schwarzschild-de-Sitter type 

solution having the square of the line element [see Eq. (8.a)]: 

  ( ) 22

2

2222

2

2

2
2

3

2
1dθsinθ

3

2
1

dtr
rc

GM
dr

r
rc

GM

dr
ds 







 Λ
−−−++

Λ
−−

= ϕ . (21) 

We remember that this line element is defined on the gravitational gauge group space G and 

that the space-time M remains a Minkowski (flat) one.  

 The conclusion resulting from the above model is that we can consider the gravitation 

as a physical interaction in a flat space. The gravitational is described by gauge potentials 

( )xAα
µ , and the metric is constructed on the manifold of the gravitational gauge group G and 

do not modify the space-time.  As a consequence, It will be easier to obtain quantum models 

for the gravitational field and, in general for any gauge fields, using the method of integral 

functional [7], the space-time being flat. 

    2. Definition of a star product between fields defined on non-commutative space-times 

    2.1. Construction of gauge-covariant derivative  

    We consider a non-commutative space-time as base manifold for the gauge theory. This 

means that the coordinates ( )1,2,3,0µµ =x  satisfy the following relations of commutation: 
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  [ ] µννµ θ, ixx = ,       (22) 

where µνθ  is an anti-symmetric constant matrix. In this case, we have to change the usual 

product ( ) ( )xx ΨΦ  of two field operators by the star product “*” defined as: 

  ( ) ( ) ( ) ( )xi
xxx Ψ







 ∂⊗∂Φ=Ψ∗Φ νµ
µνθ

2
exp

rs
.   (23) 

The non-commutative gauge models based on this star product have the disadvantage that 

they are not Lorentz invariant, i.e. the relation (22) is not invariant under the Lorentz 

transformations. However, they are invariant under the deformed Poincaré algebra with an 

abelian twist operator: 

  






 ⊗= νµ
µνθ

2
exp PP

i
F ,      (24) 

where µP  are the generators of the space-time translations which we defined above. The twist 

P induces a deformed product on the representation space of Poincaré algebra: 

  ( ) ( ) ( ) ( )Ψ∗Φ≡Ψ⊗Φ=Ψ⊗Φ→Ψ⊗Φ −
∗

1Fmmm ooo ,   (25) 

which gives exactly the star product “*” from the definition (23).  

Because the “*” product is fixed once for all by the choice of the twist and thus it does not 

transform at all. As a consequence, there appear difficulties when we try to deform the 

internal gauge transformations with the same twist (24).  It is necessarily to find out a general 

principle of symmetry so that we can obtain non-commutative internal and external gauge 

theories without contradictions. Here we describe our results on such a principle [2]. 
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 Let us consider the Lie group G as an internal group of symmetry with its Lie algebra 

ĝ . The infinitesimal generators of the group G are denoted by maTa ,....,2,1, =  and they 

satisfy the equations of structure 

  [ ] c
c
baba TfiTT =, ,    .       (26) 

where c
ab

c
ba ff −=  are the structure constants. 

 If we suppose that the ĝ  is a local algebra of symmetry (gauge), then a gauge 

transformation is given by the operator: 

  ( ) a
a Txαδα = .        (27) 

As usually, we introduce the gauge fields, with values into the Lie algebra: 

  ( ) a
a TxAA µµ

= .       (28) 

We define the gauge-covariant derivative: 

 ( )xAiD µµµ −∂= ,       (29) 

having the property that ( )xD Φµ  transforms covariant for any field ( )xΦ : 

  ( ) ( ) ( )( )xDxixD a Φ=Φ µµα αδ .     (30) 

If we want to have a model that includes simultaneously the internal gauge symmetry ĝ  and 

external P (Poincaré), then we must use the Hopf algebra U( gP ˆ> ) associated to the semi-

direct product of the two algebras. Then, the gauge covariant derivative have to be written 

under the form 

  )( µµµ a
a TAPi −=∇ ,       (31) 

were µµ ∂−= iP . 

In the work [9] it has been shown that the use of an abelian twist is not compatible with the 

gauge transformation concept. This is because the ordinary derivative ( )xΦ∂µ  of a field is 

not gauge-invariant ( i.e. do not transforms like the field themselves). But, using the property 

(30), we defined in our work [2] a non-abelian twist containing the gauge derivative: 
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  ( )






 +⊗−= 2
νµ

µν θθ
2

xpT ODD
i

e .     (32) 

Correspondingly, we defined a new deformed star product N∗  by: 

 ( ) ( ) ( ) ( )Ψ∗Φ≡Ψ⊗Φ=Ψ⊗Φ→ΨΦ=Ψ⊗Φ −
∗ NN

Tmmm 1
ooo . (33) 

 2.2. Verification of the star product properties  

 In general, this new star product is not associative, so that we have to pay a special 

attention when we use it. The study of a twist defined with the gauge covariant derivative 

remains an open question for new researches. However, for some classes of representations of 

the Hopf algebra U( gP ˆ> ), the associativity property can be satisfied as we show bellow. 

 Using the Hopf algebra U( gP ˆ> ) as symmetry algebra for the non-commutative 

gauge theory, we must introduce a co-product ∆  , a unity element 1 and a co-unit ε  with the 

properties: 

 ( ) ∈∀⊗+⊗=∆ XXXX ,11 ( )ĝ>PU ,    (34) 

 ( ) =∆∈⊗ oid 1 = ( ) ∆⊗∈ oid .     (35) 

The twist operator T must satisfies the conditions: 

( )( ) =⊗∆⊗ TidT 1 ( )( )TidT ∆⊗⊗1 ,     (36) 

( )Tid ∈⊗ = ( )Tid⊗∈ .       (37) 

In our works we verified the condition (34) and established that it is satisfied only for those 

representations of the Hopf algebra U( gP ˆ> ) which satisfy the constraints: 

  ( ) ( ) ( ) ( ) ( ) ( ) ,0σνρµσνρµ =Σ⊗Ψ⊗Φ+Σ⊗Ψ⊗Φ DFDDDF   (38) 

  ( ) ( ) ( ) ( ) ( ) ( ) 0νσµρνµσρ =Σ⊗Ψ⊗Φ+Σ⊗Ψ⊗Φ FDDDFD ,  (39) 

where ΣΨΦ ,,  are arbitrary  fields from the representation space. 

 The conclusion resulting from our research is that the external Poincaré symmetry and 

internal gauge symmetry can not be unified under a common twist [2]. This could be a 

reminiscent of the Coleman-Mandula theorem, although not entirely, since this theorem 

concerns global symmetry and simple groups. However, the supersymmetry may reverse the 

situation due to its intrinsic internal symmetry. 
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 2.3. An example of non-commutative model based on Seiberg-Witten map 

 Using our previous results, we obtained non-commutativity corrections for the metric 

(21), supposing that 0=Λ . We used the Seiberg-Witten map [11], and determined the 

following expressions for the components of the metric up to the second order in the 

parameter θ : 

( )
( )

)θ(θ
α-r16

α3-r4α

α
1

1
ˆ 42

2211 O
r

r

g +−
−

= ,    (40) 

  
( )

)θ(θ
α-r32

α17rα17r2
ˆ 42

22
2

22 O
r

rg +
+−

+= ,    (41) 

  
( ) ( )

( )
)θ(θ

α-r16

α-r2α-θcosα-rαr
θsinˆ 42

222
22

33 O
r

rg +
+

+= ,  (42) 

  
( )

)θ(θ
16

α11-r8αα
1ˆ 42

400 O
rr

g +−






 −−= .    (43) 

where we chose θθθ 2112 =−=  and all other components of µνθ  vanishing. We can see that in 

these expressions we have only corrections of second order in the parameter θ . 

 Having these corrections, we can study the thermodynamic properties of a black hole. 

Some generalizations to other metrics are also possible. These aspects will be studied in the 

following steps of the project.  
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